Abstract. Let G be a group and F be a family of subgroups closed under conjugation and subgroups. A model for the classifying space E F G is a G-CW-complex X such that every isotropy group belongs to F , and for all H ∈ F the fixed point subspace X H is contractible. The group G is of type F -Fn if it admits a model for E F G with n-skeleton with compact orbit space. The main result of the article provides is a characterization of F -Fn analogue to Brown's criterion for FPn. As applications we provide criteria for this type of finiteness properties with respect to families to be preserved by finite extensions, a result that contrast with examples of Leary and Nucinkis. We also recover Lück's characterization of property F n in terms of the finiteness properties of the Weyl groups.
Introduction
Let G be a group and F be a family of subgroups, i.e. a collection of subgroups of G such that it is closed under conjugation and under taking subgroups. The family F is called trivial if it only consists of the trivial subgroup. In this article, a G-CW-complex is a CW-complex together with a cellular action of G such that if a group element fixes a cell setwise, then it fixes the cell pointwise.
A model for the classifying space E F G is a G-CW-complex X such that every isotropy group belongs to F , and for all H ∈ F the fixed point subspace X H is contractible. A G-CW-complex Y is an F -G-CW-complex if every isotropy group of G belongs to F . A model for E F G can be equivalently defined as F -G-CW-complex X, such that, for every F -G-CW-complex Y there exists a G-map Y → X, unique up to G-homotopy.
Let n ≥ 0. We say G is of type F -F n if it admits a model for E F G with nskeleton with compact orbit space. Equivalently, G is of type F -F n if and only if there exists an n-dimensional G-CW-complex Y such that:
• all of its isotropy groups, G y with y ∈ Y belong to F , • Y H is (n − 1)-connected for all H ∈ F , and • the orbit space Y /G is compact (or Y is G-finite). In this situation we say that Y is a G-witness for F -F n .
If F contains only the trivial subgroup of G, then we recover the classical properties F n for discrete groups (see [Bro94] ). In the case that F is the family of finite subgroups, then the notation E F G and F -F n is replaced by EG and F n .
In [Bro87] Brown proved a topological characterization, nowadays known as Brown's criterion, for the algebraic counterpart of property F n , the property known as FP n . More rencently, Fluch and Witzel [FW13] proved an analogous characterization for the property F -FP n . In this article we prove a similar characterization dealing with property F -F n .
Brown in its original paper proved characterizations of properties F 1 and F 2 in topological terms, however his techniques neither apply to properties F n with n > 2 nor properties F -F n with n = 1, 2. Druţu and Kapovich proved in [DK18] a Brown's criterion for property F n using the Rips complex of G. In the present paper we closely follow their strategies to prove our main theorem.
Let X be a G-CW-complex, let F be a family, and let n > 0. We say X is F -n-good if the following conditions are satisfied:
(1) For all H ∈ F , the fixed point set X H is non-empty, equivalently, π 0 (X H ) is a non-empty set. (2) For all H ∈ F , and for all x 0 ∈ X H , X is F -connected up to dimension n−1, i.e. π 0 (X H ) is a set with exactly one element and for all 0 < k ≤ n−1, π k (X H , x 0 ) is the trivial group. (3) For every p-cell σ of X, p ≤ n, the (pointwise) stabiliser G σ of σ is of type (F ∩ G σ )-F n−p .
Remark 1.1. Let X be an F -n-good complex.
• Condition (1) implies that F is contained in the family of G generated by the isotropy groups of X.
• If the family of G generated by the isotropy groups of X equals F , then X (n) is the n-skeleton of a model for E F G.
• Observe that the notion of F -n-good only depends on the n-skeleton of X, i.e. X is F -n-good if and only if X (n) is F -n-good.
By a filtration of X we mean a family of G-subcomplexes {X α } α∈I , such that I is a directed set, X α ⊆ X β if α ≤ β, and X = α X α . A filtration {X α } α∈I of X is said to be of finite n-type if the n-skeleta X (n) α is G-finite for every α ∈ I. Let k be a positive integer. We say the filtration {X α } α∈I is π k -F -essentially trivial (resp. π 0 -F -essentially trivial ) if for all α ∈ I, there exists β ≥ α such that the homomorphism induced by inclusion
is the zero homomorphism (resp. is a constant function) for all H ∈ F and for all x 0 ∈ X H α . Theorem 1.2. Let G be a group and F a family of subgroups of G. Let X be an F -n-good G-CW-complex, and let {X α } α∈I be a filtration of finite n-type by G-subcomplexes. Consider the following statements:
(1) G is of type F -F n .
(2) For each k < n we have that the filtration {X α } α∈I is π k -F -essentially trivial. Then (1) implies (2), and if, additionally, X has G-finite 0-skeleton then (2) implies (1).
For applications, the hypothesis in Theorem 1.2 that X has G-finite 0-skeleton in order to obtain the equivalence of (1) and (2) can be waived under assumptions on the family F , this is illustrated with Corollary 1.3 whose proof is postpone to Section 4. Recall that a poset satisfies the ascending chain condition (ACC) if every increasing sequence of elements is eventually constant. Corollary 1.3. Under the assumptions of Theorem 1.2, if in addition the family F is generated by a finite collection of maximal elements, and the poset of subgroups (F , ⊆) satisfies the ascending chain condition, then statements (1) and (2) are equivalent.
The following corollary characterizes the property F -F n for families consisting only of finite subgroups. In particular, it provides an F n version of the Brown's criterion for FP n in [Bro87] . Corollary 1.4. Under the assumptions of Theorem 1.2, if in addition the family F contains only finite subgroups of G, and G is F -F 0 , then statements (1) and (2) are equivalent.
Proof. In this case, that G is F -F 0 implies that there is an upper bound on the cardinality of subgroups in F . Hence (F , ⊆) satisfies ACC and it is generated by a finite collection of maximal elements. The statement follows from Corollary 1.3.
Leary and Nucinkis exhibited that finiteness properties are not preserved under finite extensions [LN03] , they found a group G with a finite index subgroup H such that H is F 0 and G is not F 0 . The corollary below addresses a case where finiteness properties of a group are preserved under finite extensions.
Corollary 1.5. Let G be a group and let H be a finite index subgroup. Let F be a family of subgroups of H which is also a family of subgroups of G.
Proof. That H is F -F 0 is equivalent to the existence of a finite collection of subgroups P of H such that any element of F is up to conjugation a subgroup of an element of P.
Suppose n > 0. Let X be the n-skeleton of a model for the classifying space E F G. Since H is F -F 0 , G is F -F 0 and hence X can be assumed to have G-finite 0-skeleton. The set of G-orbits of cells of X can be well ordered in such a way that for any cell σ, its boundary intersects only cells that belong to G-orbits less than Gσ in the order. It follows that there is a filtration {X α } α∈I of X of finite n-type by G-subcomplexes. Since H is finite index in G, X is the n-skeleton of a model for E F H with H-finite 0-skeleton and {X α } α∈I is a filtration of finite n-type by H-subcomplexes. Since H is F -F n , Theorem 1.2 implies that for each k < n the filtration {X α } α∈I is π k -F -essentially trivial. Then, by Theorem 1.2 again, G is F -F n . Corollary 1.6 below is a result of W.Lück that is recovered from Corollary 1.4. We recall that the analogous statement for property FP n can be found in [KMPN09, Lemma 3.1]. For a subgroup H ≤ G, let N (H) denote the normalizer of H in G. Corollary 1.6. [L00, Theorem 4.2] Let G be a group, and let n ≥ 0. Then G is F n if and only if G is F 0 and N G (H) is F n for every H ∈ F .
Proof. As in the proof of Corollary 1.5, given any model X for EG, we can construct a filtration {X α } α∈I of X of finite n-type by G-subcomplexes. On the other hand we can easily verify that the normalizer N G (H) acts on X H . Moreover, X H is a model for the classifying space EH and the induced filtration {X H α } α∈I is of finite n-type (see [L00, Lemma 1.3]). Since every finite group is of type F ∞ , we conclude that X H is n-good with respect to the trivial family. Assume G is F n . In particular, G is F 0 . By Corollary 1.4 for each k < n we have that the filtration {X α } α∈I is π k -F -essentially trivial, where F is the family of trivial subgroups. Hence, for each H ∈ F , {X H α } α∈I is π k -essentially trivial for all k < n, thus by Corollary 1.4, we have that
Suppose that G is F 0 and N G (H) is F n for every H ∈ F . Let α be an element of I. Fix H ∈ F , then by Corollary 1.4, there exists β H ≥ α (that depends on H and α) such that the homomorphism π k (X H α ) → π k (X H βH ) induced by inclusion vanishes for all k < n. Since G is F 0 , we know that G only has finitely many conjugacy classes of finite subgroups (this is a particular feature of finite subgroups), hence the maximum β running over H ∈ F of all β H will be finite. Such β will satisfy the definition of π k -F -essentially trivial for the filtration of X. Hence by Corollary 1.4 G is F n .
Organization. Section 2 contains preliminaries including a consequence of a result of Lück known as the Haeflieger Construction. Section 3 proves a result to construct witnesses of property F -F 0 with particular properties. The proofs of Theorem 1.2 and Corollary 1.3 are contained in Section 4. This section also describes an alternative proof of the criterion for F -FP n by Fluch and Witzel. The last section of the article contains some final remarks and a question regarding Abels groups.
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Preliminaries
2.1. Classifying spaces for families and finiteness properties. The following proposition can be obtained using equivariant obstruction theory. For completeness we include a proof using the definition of classifying spaces.
Proposition 2.1. Let Y be an n-dimensional F -G-CW-complex and let X be a model for E F G. Then, there there exists a G-map f :
Proof. We know that there exists a G-map f : Y → X unique up to G-homotopy.
Using the G-equivariant cellular aproximation theorem, f is G-homotopic to a cellular G-mapf : Y → X. Therefore the image off is contained in X (n) . On the other hand, given two cellular G maps f 1 , f 2 : Y → X (n+1) , there exists a G-homotopy H : Y × I → X between f 1 and f 2 considered as functions with codomain X, which is homotopic to a cellular map via a homotopy rel. Y × {0} ∪ Y × {1}. Therefore we have that f 1 , f 2 are homotopic as functions from Y to X (n+1) .
Bredon modules.
Let G be a group and let F be a family of subgroups. The restricted orbit category O F G is the category whose objects are homogenous spaces (also called orbits) G/H with H ∈ F , and whose morphisms are G-maps with the canonical action of G in the homogenous space G/H. The set of G-maps between the orbits G/H and
where Ab is the category of abelian groups. A morphism M → N of O F G-modules is a natural transformation between the underlying functors. Since the category of O F G-modules is a category of functors with target an abelian category, it follows that it is an abelian category itself. In fact, for example a morphism M → N is surjective if M (G/H) → N (G/H) is surjective for all H ∈ F . We can also define injectiveness, exactness, etc. in an analogous way. Also the category of O F Gmodules has enough projectives. Free O F G-modules are direct sums of modules of the form Z[−, G/H] G for some H ∈ F . We say that a free module is finitely generated if it isomorphic to
module M is said to be finitely generated if there exists a finitely generated free O F G-module that surjects onto M .
Given a G-CW-complex X with isotropy groups on a family F we have the Bredon cellular chain complex, which is a chain complex of free O F G-modules
where the latter is the usual cellular chain group. Also
, where the sum runs over the set of G-orbits of i-cells and H i is the isotropy group of the corresponding i-cell (so that H i is only well defined up to conjugation). The Bredon homology O F G-modules H F * (X) are defined to be the homology groups of the Bredon cellular chain complex, so that H
We can analogously define the Bredon cellular chain complex (resp. Bredon homology groups) of a G-CW-pair (X, A). Theorem 2.3 (The Haefliger construction for families). Let G be a group. Let F and G be families of subgroups of G such that F ⊆ G. Consider a G-G-CW-complex X. For each cell σ of X, fix models X σ for E F ∩Gσ G σ . Then, for each n ≥ 0 there exists an F -G-CW-complexX n and a G-map f n :X n → X (n) such that:
(1) We haveX n−1 ⊆X n and f n restricted toX n−1 is f n−1 .
Sketch of the construction proving Theorem 2.3. The complexesX n are constructed as follows. For each cell σ of X, fixed a model X σ for E F ∩Gσ G σ . The construction is by induction, whereX 0 is obtained by replacing each 0-cell σ of X (0) by the chosen model X σ and defining f 0 :X 0 → X 0 as the natural projection. Suppose thatX k has been constructed. Let σ be an k + 1 dimensional cell of X. Then attaching map ϕ σ : ∂σ → X (n) induces a mapφ σ : ∂(σ) × X σ →X k . ThenX k+1 is obtained fromX k by attaching the spaces σ × X σ via the attaching mapsφ σ . The map f n :X n → X (n) is induced by the projection (σ × X σ ) → σ.
Corollary 2.4. Assume X is F -n-good. For each cell σ of X, fix a G σ -witness X σ for F -F n−p . Let G be the family of subgroups generated by the isotropy groups of X and assume F ⊆ G. LetX = ∞ i=0X i , whereX i is given by Theorem 2.3 according to the chosen models X σ . The following holds:
(1) The complexX is F -n-good and all its isotropy groups belong to F . In particularX (n) is the n-skeleton of a model for E F G.
(2) If {X α } α∈I is a filtration of X of finite n-type, then {X α } α∈I is a filtration ofX of finite n-type. (3) {X α } α∈I is π k -F -essentially trivial if and only if {X α } α∈I is π k -F -essentially trivial.
Proof.
(1) It follows from Theorem 2.3 (3) and the fact that X is F -connected up to dimension n−1, thatX is F -connected up to dimension n−1. Given a cell σ ofX, its isotropy group G σ belongs to F , therefore F ∩ G σ coincides with the family of all subgroups of G σ . Hence the one-point space is a model for
(3) Let H ∈ F and α ∈ I. Denote by f α and f β be the G-mapsX α → X α , X β → X β resp. given by Theorem 2.3. For every β > α, we have the following commutative diagram
where the horizontal maps are those induced by the inclusion X H α ⊆ X H β , and the vertical maps are isomorphisms for all H ∈ F by Theorem 2.3(3). Therefore, the upper horizontal map is the zero homomorphism if and only if the lower horizontal map is the zero homomorphism. Now the assertion follows easily.
Finding witnesses for F -F 0 groups
Given any model X for EG, it is always possible to collapse (all G-translates of) an spanning tree for the G-action in order to obtain a model Y for EG with a single G-orbit of 0-cells and such that the quotient map X → Y is G-equivariant.
Question 3.1. Given a group G and a family F with property F -F 0 , and X any model for E F G, is it possible to find a quotient Y of X, such that Y is a G-witness for F -F 0 and the quotient map X → Y is G-equivariant?
The following proposition address in the positive the above under some assumptions on the family F . This proposition is used to prove Corollary 1.3 in Section 4. Proposition 3.2. Let G be a group, let F be a family of subgroups and let X be a model for E F G. Suppose:
(1) the family F is generated by a finite collection of maximal elements, and (2) the poset of subgroups (F , ⊆) satisfies the ascending chain condition.
Then there is a G-CW-complex Y and a map f : X → Y satisfying the following conditions:
(
Remark 3.3. Recall that a group is Noetherian if every subgroup is finitely generated, or equivalently any ascending chain of subgroups stabilizes after a finite length. The following statement is immediate: Let G be a group and let F be a family of subgroups. If (1) every element of F is Noetherian, and (2) the family is closed under unions of chains. Then the poset (F , ⊆) satisfies the ascending chain condition.
Remark 3.4. Let G be a group and let F be a family of subgroups. Remark 3.3 implies that if either
(1) the family F consists only of the trivial subgroup; or (2) the family F consists of all finite subgroups of G and G is F -F 0 ;
To prove Proposition 3.2 we need to introduce some terminology and prove a few lemmas. For the rest of the section, let G be a group, let F be a family of subgroups and let X be a model for E F G.
An ascending path in X is a sequence of 0-cells v 0 , . . . , v ℓ of X, and a choice of 1-cells e 1 , . . . , e ℓ such that for each i < ℓ
(1) the cells v i and v i+1 are the endpoints of the 1-cell e i+1 of X, and (2) the isotropy of v i is a subgroup of the isotropy of v i+1 . The integer ℓ is the length of the path, the vertices v 0 and v ℓ are called the initial and terminal points of the path respectively. The image of the path is the subcomplex of X consisting of all 0-cells v i for 0 ≤ i ≤ ℓ and all 1-cells e i for 1 ≤ i ≤ ℓ.
Lemma 3.5 (Ascending connectivity of Fixed Point Sets of Maximal Subgroups in F ). Let P be a maximal subgroup of F . Then any two 0-cells of X P are connected by an ascending path.
Proof. Since P is a maximal subgroup, any path in X P is an ascending path. Since X is a model for E F G, X P is path-connected, and the statement follows.
Lemma 3.6 (Ascending connectivity of X). Suppose that (F , ⊆) satisfies the ascending chain condition, and suppose that P is a collection of maximal subgroups in F that generates F . Then for each 0-cell u of X there is an ascending path from u to a 0-cell which has isotropy a maximal subgroup in F .
Proof. By the ascending chain condition, it is enough to prove that if G u is not a maximal subgroup in F , then there is an ascending path from u to a 0-cell v such that G u is a proper subgroup of G v .
Without loss of generality, assume that G u is a proper subgroup of P ∈ P. Consider the fixed point set X Gu . Then there is path in X Gu from u to a 0-cell w with isotropy P . Suppose that sequence of 0-cells induced by the path is u = w 0 , w 1 , . . . , w ℓ = w. Then G u ≤ G wi for each 1 ≤ i ≤ ℓ and G u G ℓ . Let v = w j where j = min{i : G u G wi }. Observe that the sequence u = w 0 , w 1 , . . . , w j induces an ascending path and G u G wj .
A contracting tree T in X is a contractible subcomplex of X (1) with the following properties:
(1) There is a 0-cell u of T such that for any vertex v of T there is an ascending path from v to u. A 0-cell u of T with this property is called an apex of the contracting tree; (2) For every 0-cell v of X, T contains at most one vertex of the G-orbit of v. (3) For every g ∈ G, if T ∩ gT = ∅ then g belongs to the isotropy in X of an apex u. Observe that the third condition is redundant since it follows from the previous two conditions. Note that any two apexes of a contracting tree have the same isotropy in X, and this subgroup shall be called the apex isotropy of the contracting tree. Observe that a single 0-cell is a contracting tree.
Lemma 3.7 (Quotient by a Contracting Tree). Let T be a contracting tree of X. Let Y be the quotient of X resulting from the equivalence relation generated by
Then Y admits a G-CW-complex structure such that the quotient map f : X → Y satisfies the conclusions (1), (4), (5) and (6) of Proposition 3.2. Moreover, the image of T is a 0-cell of Y with isotropy equal to the apex isotropy of T .
Proof. Let P be an apex isotropy of T . Let T + = g∈P gT .
First we prove that T + is a contractible subcomplex of X (1) . Note that it is enough to prove that if T ∩ gT = ∅ then T ∩ gT is connected and hence contractible; indeed, this shows that the finite union of translates of T is contractible, and therefore all homology groups and the fundamental group of T + are trivial by standard direct limit arguments. Suppose that T ∩ gT = ∅. This intersection contains a 0-cell u that is both an apex of T as well as an apex of gT . Then for any point in T ∩ gT , the ascending paths to u in T and gT coincide; hence T ∩ gT is connected.
Second, we argue that T + is an equivalence class. Note that all points in T + are equivalent since if g ∈ P then T ∩ gT contains an apex of T . Conversely suppose x ∈ X is equivalent to an element of T + . Then there is a sequence x 0 , x 1 , . . . , x k = x in X, and a sequence g 1 , . . . , g k in G such that {x i−1 , x i } ⊂ g i T and x 0 ∈ T . Since x 0 ∈ T , it follows that g 1 ∈ P . By induction g i ∈ P for all i, and hence, in particular, x ∈ T + . Observe that if g ∈ G and T + ∩ gT + = ∅, then g ∈ P and, in particular, T + = gT + . Indeed, if T + ∩gT + = ∅ then there are a, b ∈ P such that aT ∩gbT = ∅. Therefore, by the definition of contractible tree, a −1 gb ∈ P and therefore g ∈ P . Let us observe that Y carries a natural structure of G-CW-complex, and that the quotient map f : X → Y is G-equivariant. This is a consequence that of the following description of equivalence classes. Since T + is an equivalence class and it is a subcomplex of X (1) , it follows that for every point x ∈ X, its equivalence class is either a single point (in the case that x in the interior of a k-cell for k > 2; or x is in the interior of a 1-cell whose orbit does not intersect T ), or is of the form gT + . The description of equivalence classes also shows that any for any 0-cell of Y , the pre-image f −1 (y) is either a 0-cell of X, or of the form gT + . At this point, conclusions (1), (4), and (5) have been proved. Note that it also follows that the image of T + in Y is a 0-cell with isotropy the apex isotropy of T . It is left to prove that f : X H → Y H is a homotopy equivalence for any H ∈ F . It is enough to show that for any H ∈ F the intersection T + ∩ X H is either empty or contractible. Indeed, suppose the intersection is non-empty; since X H contains all apexes of T , if there are two 0-cells in the intersection, then the concatenation of two ascending paths into an apex yields a path between the two 0-cells that is contained in X H .
Let P be a collection of subgroups generating F . A P-system of contracting trees for X is collection {T P : P ∈ P} of subspaces of X (1) indexed by P such that for every P, Q ∈ P the following properties hold:
(1) Each T P is a contracting tree of X with apex isotropy equal to P ; and (2) If g ∈ G and T P ∩ gT Q = ∅ then P = Q and g ∈ P .
A P-system of contracting trees {T P : P ∈ P} for X is a spanning P-system of contracting trees if P ∈P gT P contains exactly one vertex of every G-orbit of a 0-cell of X.
Lemma 3.8 (Quotient by a Spanning System of Contracting Trees).
Suppose that P is a finite collection. Let {T P : P ∈ P} be a spanning P-system of contracting trees for X. Let Y be quotient of X resulting from the equivalence relation generated by the pairs {(x, y) ∈ X × X : there is g ∈ G and P ∈ P such that {x, y} ⊂ gT P }.
Then Y admits a G-CW-complex structure such that the quotient map X → Y satisfy all the conclusions of Proposition 3.2.
Proof. Since P is a finite collection, conclusions (1), (4), (5) and (6) follow from applying Lemma 3.7 a finite number of times. Again, that P is finite, and the assumption that the P-system is spanning imply conclusion (2). The statement (3) follows from the "moreover part" of Lemma 3.7.
In view of Lemma 3.8, Proposition 3.2 follows from the existence of a spanning P-system of contracting trees for a particular choice of a finite collection P of subgroups generating F . Specifically, this requires the assumptions that P is a minimal collection consisting of maximal subgroups in F , and the hypothesis that (F , ⊆) satisfies the ascending chain condition. The existence is an application of Zorn's Lemma explained below.
Lemma 3.9 (Existence of Systems of Contracting Trees). Suppose that P is a minimal collection of subgroups generating F , and suppose that each P ∈ P is a maximal element of F . Then there exists a P-system of contracting trees.
Proof. For each P ∈ P, choose a 0-cell v P in the fixed point set X P , this cell exists since X is a model for E F G. Since P is a maximal subgroup of F and X has only isotropies in F , it follows that the isotropy of v P equals P . Define T P as the single 0-cell v P .
Note that each T P is a contracting tree with apex isotropy equal to P . Suppose that g ∈ G, Q, P ∈ P and T P ∩ gT Q = ∅. This implies that P = gQg −1 . Since P is a minimal collection generating F , it follows that P = Q and g ∈ P . This shows that {T P : P ∈ P} is a P-system of contracting trees.
Let A = {A P : P ∈ P} and B = {B P : P ∈ P} be P-systems of contracting trees for X. The system B extends A, denoted by A B, if for every P ∈ P, A P is a subcomplex of B P . This defines a partial order on the collection of P-systems of contracting trees for X. If A B and A = B, we say that B is a proper extension of A.
A P-system of contracting trees for X is called maximal if it is maximal with respect to the partial order .
Lemma 3.10 (Existence of Maximal Systems). Suppose that P is a minimal collection of subgroups generating F , and suppose that each P ∈ P is a maximal element of F . There exists a maximal P-system of contracting trees for X.
Proof. By Lemma 3.9, there exists a P-system of contracting trees for X. It is an observation that every chain in the (non-empty) poset of P-systems of contracting trees has an upper bound; namely if {A α : α ∈ I} is a chain of P-systems of contracting trees for X, then {A P : P ∈ P}, where A P = α A α P , is P-system of contracting trees and an upper bound of the given chain. The statement follows by Zorn's Lemma.
Lemma 3.11 (Maximal implies Spanning). Suppose that (F , ⊆) satisfies the ascending chain condition. Suppose that P is a minimal collection of subgroups generating F , and suppose that each P ∈ P is a maximal element of F . Then every maximal P-system of contracting trees for X is a spanning P-system of contracting trees.
Proof. We show that if a a P-system of contracting trees is not spanning, then it not a maximal system. Let {T P : P ∈ P} be a P-system of contracting trees for X. Let u be a 0-cell of X and suppose that P ∈P T P has no 0-cell in the G-orbit of u.
Step 1. There exists an ascending path in X with initial point a 0-cell in the G-orbit of u and terminal point in T = P ∈P T P .
By Lemma 3.6, there is an ascending path from u to a cell v which has isotropy a maximal subgroup in F . Then G v = gP g −1 where g ∈ G and P ∈ P. Up to changing u by a 0-cells in its G-orbit, we can assume that G v = P . Let w be an apex of the contracting tree T P . Then, by definition, the isotropy of w is P . By Lemma 3.5, there is an ascending path from v to w. Concatenating the ascending paths from u to v, and the one from v to w, the statement follows.
Step 2. Choose an ascending path with initial point a 0-cell in the G-orbit of u, and terminal point in T . Suppose that the chosen ascending path is of minimal length among all posibilities. Let γ be the image of this ascending path and suppose that its terminal point belongs to T Q where Q ∈ P. Let
Then {T P : P ∈ P − {Q}} ∪ {T + Q } is a P-system of contracting trees for X that propertly extends the system {T P : P ∈ P}.
The minimality of the ascending path and the assumption that T Q is contracting tree implies that T + Q is a contractible subcomplex of X (1) . The minimality of the ascending path implies that the only 0-cell of γ whose orbit intersects T is the terminal vertex of the path. This together with γ being the image of an ascending path imply that T + Q is a contracting tree. Let us verify that {T P : P ∈ P − {Q}} ∪ {T + Q } is a P-system of contracting trees for X. It is enough to show that if P ∈ P − {Q} and g ∈ G then T P ∩ gT
Since P = Q, this would contradict the minimality of the ascending path with image γ.
Proof of Proposition 3.2. Let P be a finite and minimal collection of subgroups generating F , and suppose that each P ∈ P is a maximal element of F . By Lemmas 3.10 and 3.11, there is a spanning P-system of contracting trees for X. Then the conclusion follows by invoking Lemma 3.8.
4. Proofs of Theorem 1.2 and Corollary 1.3 4.1. Proof of Theorem 1.2. By Corollary 2.4, replacing X withX, we can assume that X is F -n-good, it has isotropy groups in F , the n-skeleton X (n) is the nskeleton of a model for E F G, and {X α } α∈I is a filtration of finite n-type by Gsubcomplexes. As a consequence Theorem 2.3(4), we can still assume that X has G-finite 0-skeleton. Moreover, X can be assumed to be equal to its n-skeleton in view of Remark 1.1. Thus, for the rest of the proof X will be assumed to be the n-skeleton of a model for E F G.
Let us prove (1)=⇒ (2). Assume G is of type F -F n . Let Y be a G-witness for F -F n of dimension n. By Proposition 2.1, there exist G-maps f : Y → X and g : X → Y . We will also denote by g the restriction g : X α → Y for α ∈ I. Since Y is G-finite, there exists α 0 ≥ 0 such that the image of f is contained in X β for all β ≥ α 0 .
Let α ∈ I and k < n. Choose β > max{α, α 0 }. Then Proposition 2.1 implies that the diagram
is commutative up to G-homotopy. Taking fixed points with H ∈ F in this diagram yields a (non-equivariant) commutative square up to homotopy. Hence, for all H ∈ F , we have a commutative (up to an automorphism of
, induced by inclusion, is an isomorphism for k < n − 1, and is surjective for k = n − 1, it follows that
vanishes for all k ≤ n − 1 and H ∈ F . Thus for each k < n we have that the filtration {X α } α∈I is π k -F -essentially trivial.
Analogously to the previous case, we will attach finitely many G-orbits of 3-cells to Y 2 in order to obtain a G-witness Y 3 for F -F 3 . We will do this in three steps.
Step 1. Attach finitely many equivariant 3-cells to Y 2 to obtain a F -G-CW-complex Z 3 and a G-homotopy H
Proof. Let e 2 be a 2-cell in Y 2 with attaching map ϕ :
2 . Hence we want to extend the homotopy H 2 :
2 × I as well as the composition
′ is null-homotopic. This is not always the case, therefore we attach a 2-cell to Y 2 using H 2 • ϕ ′ as attaching map. Now we extend using the action of G, and we finish after a finite number of attachings since we only have a finite number of orbits of 2-cells in Y 2 .
Step 2. There are finitely many cellular G-maps ϕ i : S 2 × G/K i → Z 3 with the following properties:
(1) Each K i is in the family F ; (2) The G-action on the sphere S 2 is trivial, and diagonal on S 2 × G/K i ; and
Proof. We have the following diagram of O F G-modules
O O where the horizontal arrows are the homomorphisms induced by inclusion. Let σ be a cycle in C 2 (Z 3 ). So σ is also a cycle in C 2 (Y 2 ). Then (f 2 ) * (σ) is a cycle in C 2 (X (2) α2 ), and also is a cycle in C 2 (X (2) α3 ). Since the horizontal upper map vanishes when we descend to homology, we have that (f 2 ) * (σ) is in the image of ∂ (which is the boundary map in the Bredon cellular chain complex). Therefore (g 2 ) * • (f 2 ) * (σ) ∈ C 2 (Z 3 ) is in the image of (g 2 ) * • ∂, which is finitely generated since is covered by a finitely generated free O F G-module. Finally, by Step 1, the diagram
Since X α3 is G-finite, it has a finite number of G-orbits of 3-cells with representatives σ 1 , . . . , σ m . Let K i be the G-isotropy of σ i . Let
We provide an sketch of this fact and leave details to the reader. Since X has isotropy groups in F , it follows that
is induced by the restriction maps.
Step 3. We can attach finitely many G-orbits of 3-cells to Z 3 to obtain obtain a G-witness Y 3 of F -F 3 .
(2) For each k < n we have that the filtration {X α } α∈I is H k -F -essentially trivial.
Sketch of proof. We start applying the Haefliger construction to X and we will denote C the augmented Bredon chain complex of X. Hence C is a G-witness for F -FP n , and we have a filtration {C α } α∈I , where C α is the Bredon chain complex of X α . To prove (1) implies (2), we can apply exactly the same argument from the proof of Theorem 1.2. In order to prove (2) implies (1), we have to construct witnesses for F -FP i for all 0 ≤ i ≤ n, this is, partial projective resolutions of length i such that all of its projective modules are finitely generated. This can be done by induction. For the induction base, i = 0, we proceed exactly as in [FW13, Section 3] . Now the inductive step works exactly the same as in the case i = 3 in the proof of Theorem 1.2, making the obvious changes, i.e. using C and {C α } α∈I instead of X and {X α } α∈I , and we skip Step 3.
Remark 4.3. In contrast with Theorem 1.2, note that the statement of Theorem 1.2 does not include as a hypothesis the assumption that X has G-finite 0-skeleton. We refer the reader to Remark 4.1 on how G-finiteness of X 0 is assumed in the proof of Theorem 1.2.
Speculation and final remarks
For future reference we record the following corollary of the main theorem. This result provides criteria implying that a group is G is of type F -F n−1 , and if n ≥ 3 then G is not F -F n .
Corollary 5.1. Let G be a group and let F be a family of subgroups of G. Let X be G-CW-complex such that X H is contractible for every H ∈ F , the stabilizer G σ of each cell σ is of type (F ∩ G σ )-F ∞ . Assume either
• X has G-finite 0-skeleton, or • the family F is generated by a finite collection of maximal elements, and the poset of subgroups (F , ⊆) satisfies the ascending chain condition. Let {X j } j≥1 be a filtration such that each X j is G-finite. Fix n ≥ 1 and suppose that for all sufficiently large j, the complex X j+1 is obtained from X j by the adjunction of a positive number of G-orbits of n-cells, up to G-homotopy. Then G is of type F -F n−1 , and if n ≥ 3 then G is not F -F n .
Proof. Let k < n − 1. For all H ∈ F , π k (X H ) is trivial and for all sufficiently large j, the morphisms π k (X H j ) → π k (X H ) = 0 induced by inclusion are isomorphisms. Therefore the filtration {X j } j≥1 is π k -F -essentially trivial for all k < n − 1. The hypotheses imply that X is F -(n − 1)-good. Using the hypothesis, Theorem 1.2 or Corollary 1.3 implies that G is F -F n−1 .
For the negative part, we use Brown's argument [Bro87, Proof of Cor. 3.3] which shows that {H n−1 (X j )} is not essentially trivial under the given hypotheses. Since n ≥ 3, Hurewicz theorem implies that {π n−1 (X j )} is not essentially trivial. As a consequence {X j } is not π n -F -essentially trivial. Since X is F -n-good and has G-finite 0-skeleton, Theorem 1.2 implies G is not of type F -F n .
The statement of Corollary 5.1 for the trivial family is a result of Brown [Bro87, Corollary 3.3] . He used the criterion to prove that if p is and odd prime and Γ n < GL n+1 (Z[1/p]) is the group of upper triangular matrices whose extremal diagonal entries are 1, then Γ n is FP n−1 but not FP n . The result for n ≤ 4 was known before Brown's work, see [Bro87] for references. This particular class of groups is known as Abels groups.
The finiteness properties phenomena of Abels groups were revisited and generalized by Witzel [Wit13] for a larger class of groups. Specifically the main result in [Wit13] states that for a fixed odd prime p and integers for 0 < m ≤ n, there is a group Γ m,n of (n + 1) × (n + 1) upper triangular matrices with coefficients Z[1/p] and subject to certain technical conditions such that Γ m,n is F n−1 and F m−1 but not F n nor F m . The Abels group Γ n can be taken as Γ n,0 , see [Wit13, Example 1.1].
Witzel's strategy includes a detailed study of the action of Γ on its (extended) Bruhat-Tits building X, and in particular, the structure of the fixed-point sets X H of finite subgroups H of Γ. The argument also uses a version of Brown's criterion [FW13] for Bredon homology which characterizes properties FP m in terms of the connectivity properties of X, a result analogous to Theorem 1.2. In particular, the argument that Γ m,n is F m−1 consist of invoking the mentioned criterion to obtain FP m−1 , and then to directly argue that the group is F 2 . A slight simplification of the argument can be obtained by invoking Theorem 1.2 to obtain F m−1 , avoiding the verification of F 2 .
The family of isotropies of X, with respect to the action of Γ is strictly bigger than the family of finite subgroups, and every isotropy group is a finitely generated nilpotent group. It is possible that the class of Abels groups exhibit the finiteness phenomena as suggested in the following general question.
Question 5.2. Let 0 < m ≤ n. Let G be the family of subgroups of Γ m,n generated by the the isotropy groups of X. If F is a subfamily of G, is there a positive number r such that Γ m,n is F -F r−1 and it is not F -F r ?
